Ricci-like solitons with potential Reeb vector field are introduced and studied on almost contact B-metric manifolds. The cases of Sasaki-like manifolds and torse-forming potentials have been considered. In these cases, it is proved that the manifold admits a Ricci-like soliton if and only if the structure is Einstein-like. Explicit examples of Lie groups as 3-and 5-dimensional manifolds with the structures studied are provided.
Introduction
In differential geometry, the Ricci flow is an intrinsic geometric flow. It is a process of deformation of the Riemannian metric, independent of any embedding or immersion. The Ricci flow is given by an evolution equation for the metric and the associated Ricci tensor on a Riemannian manifold depending on a variable called time. Ricci flows, formally analogous to the diffusion of heat, are among the important tools of theoretical physics.
In 1982, R. S. Hamilton [15] introduced the concept of Ricci flow and proved its existence. This idea is contributed to the proof of Thurston's Geometrization Conjecture and consequently the Poincaré Conjecture.
Ricci soliton is a special solution of the Ricci flow equation and it moves only by a one-parameter family of diffeomorphism and scaling. Ricci solitons represent a natural generalization of Einstein metrics on a Riemannian manifold, being generalized fixed points of Hamilton's Ricci flow, considered as a dynamical system.
In 2008, R. Sharma [25] initiated the study of Ricci solitons in contact Riemannian geometry, in particular on K-contact manifolds. After that Ricci solitons have been studied on different kinds of almost contact metric manifolds, e.g. α-Sasakian [16] , trans-Sasakian [3] , Kenmotsu [4] , [23] , nearly Kenmotsu [1] , f -Kenmotsu [13] , etc. In paracontact geometry, Ricci solitons are first investigated by G. Calvaruso and D. Perrone [10] .
As a generalization of a Ricci soliton, the notion of η-Ricci soliton has been introduced by J. T. Cho and M. Kimura [11] . In the context of paracontact geometry η-Ricci solitons have been investigated in [5] , [6] , [7] , [24] .
Although this topic was first studied in Riemannian geometry, in recent years Ricci solitons and their generalizations have also been studied in pseudo-Riemannian manifolds, mostly with Lorentzian metrics ( [2] , [6] , [8] , [9] , [22] ).
Usually, an almost contact manifold is equipped with a metric called compatible, which can be Riemannian or pseudo-Riemannian. Then, the contact endomorphism acts as an isometry with respect to the metric on the contact distribution. The alternative possibility is when the contact endomorphism acts as an anti-isometry. In this case, the metric is necessarily pseudo-Riemannian and it is known as a B-metric. Other important characteristic of almost contact B-metric structure which differs it from the metric one is that the associated (0, 2)-tensor of the B-metric is also a B-metric. Thus, it is obtained an almost contact B-metric manifold. In another point of view, it is an almost contact complex Riemannian manifold. The differential geometry of almost contact B-metric manifolds has been studied since 1993 [14] , [20] .
In the present paper, our goal is to introduce and investigate a generalization of the Ricci soliton compatible with the almost contact B-metric structure, and its potential to be the Reeb vector field. We are studying these objects on some important kinds of manifolds under consideration: Einstein-like, Sasaki-like and having a torse-forming Reeb vector field. In relation with the proved assertions, we comment explicit examples in dimension 3 and 5 of Lie groups with the structure studied.
Almost Contact B-Metric Manifolds
Let us consider an almost contact B-metric manifold denoted by (M, ϕ, ξ, η, g). This means that M is a (2n + 1)-dimensional differentiable manifold with an almost contact structure (ϕ, ξ, η), where ϕ is an endomorphism of the tangent bundle T M , ξ is a Reeb vector field and η is its dual contact 1-form. Moreover, M is equipped with a pseudo-Riemannian metric g of signature (n + 1, n), such that the following algebraic relations are satisfied: [14] (1) ϕξ = 0,
where ι is the identity transformation on Γ(T M ). In the latter equality and further, x, y, z, w will stand for arbitrary elements of Γ(T M ) or vectors in the tangent space T p M of M at an arbitrary point p in M . Some immediate consequences of (1) are the following equations
where ∇ is the Levi-Civita connection of g.
The associated metricg of g on M is defined byg(x, y) = g(x, ϕy) + η(x)η(y). The manifold (M, ϕ, ξ, η,g) is also an almost contact B-metric manifold. The B-metricg is also of signature (n + 1, n). The Levi-Civita connection ofg is denoted by∇.
A classification of almost contact B-metric manifolds, which contains eleven basic classes F 1 , F 2 , . . . , F 11 , is given in [14] . This classification is made with respect to the tensor F of type (0,3) defined by
The following identities are valid:
The special class F 0 , determined by the condition F = 0, is the intersection of the basic classes and it is known as the class of the cosymplectic B-metric manifolds.
Let {e i ; ξ} (i = 1, 2, . . . , 2n) be a basis of T p M and let g ij be the inverse matrix of the matrix (g ij ) of g. Then the following 1-forms are associated with F :
These 1-forms are known also as the Lee forms of the considered manifold. Obviously, the identities ω(ξ) = 0 and θ * • ϕ = −θ • ϕ 2 are always valid.
Sasaki-like almost contact B-metric manifolds.
In [17] , it is defined the class of Sasaki-like spaces in the set of almost contact B-metric manifolds (also known as almost contact complex Riemannian manifolds) by the condition its complex cone to be a Kähler-Norden manifold. Then, these Sasaki-like spaces are determined by the condition
which may be rewritten as (∇ x ϕ) y = g(ϕx, ϕy)ξ + η(y)ϕ 2 x. Remark 2.1. Obviously, the considered manifolds of Sasaki-like type form a subclass of the basic class F 4 of the classification in [14] and they have Lee forms of the form θ = 2n η, θ * = ω = 0.
Moreover, the following identities are valid for them [17] (7)
where R and ρ stand for the curvature tensor and the Ricci tensor. As a consequence we have
Obviously, the sectional curvature of an arbitrary ξ-section α = span{x, ξ} is k(x, ξ) = 1.
2.1.1.
Example of a Sasaki-like manifold. As Example 2 in [17] , it is considered the Lie group G of dimension 5 with a basis of left-invariant vector fields {e 0 , . . . , e 4 } and the corresponding Lie algebra is defined by the commutators (8) [e 0 , e 1 ] = pe 2 + e 3 + qe 4 ,
Then, G is equipped with an almost contact B-metric structure by (9) g(e 0 , e 0 ) = g(e 1 , e 1 ) = g(e 2 , e 2 ) = −g(e 3 , e 3 ) = −g(e 4 , e 4 ) = 1,
The components of the Levi-Civita connection are the following (10)
∇ e 0 e 4 = qe 1 − pe 3 , ∇ e 1 e 0 = −e 3 , ∇ e 2 e 0 = −e 4 , ∇ e 3 e 0 = e 1 , ∇ e 4 e 0 = e 2 , ∇ e 1 e 3 = ∇ e 2 e 4 = ∇ e 3 e 1 = ∇ e 4 e 2 = −e 0 .
It is verified that the constructed almost contact B-metric manifold (G, ϕ, ξ, η, g) is Sasaki-like.
Einstein-like almost contact B-metric manifolds. Let us introduce the following
for some triplet of constants (a, b, c).
In particular, when b = 0 and b = c = 0, the manifold is called an η-Einstein manifold and an Einstein manifold, respectively. Other particular cases of Einstein-like types of the considered manifolds are given in [21] and [19] .
As a consequence of (11) we obtain that the corresponding scalar curvature is the following constant Then, applying (1) and (2) into (11), we obtain the truthfulness of the following Proposition 2.4. The Ricci tensor ρ of an Einstein-like manifold (M, ϕ, ξ, η, g) has the following properties: 
, where div and div * denote the divergence with respect to g andg, respectively.
Proof. Bearing in mind the last equalities of (7) and (13), as well as (12), we obtain (15) . The expression (16) follows from (6) and (14) . Taking the traces over x and y in (16) with respect to both metrics and using g ij = −ϕ i k g ik + ξ i ξ j , we get (17) . Corollary 2.6. Let (M, ϕ, ξ, η, g) be Sasaki-like and Einstein-like. Then we have:
(i) It is scalar-flat if and only if a = −1.
(ii) It is Ricci-symmetric if and only if it is an Einstein manifold.
(iii) Its Ricci tensor is η-parallel and parallel along ξ.
Proof. The equivalence in (i) is obvious from (15) , and (ii) is easily deduced from (16) . The assertion (iii) is valid since (16) yields (∇ρ) | ker η = 0 and ∇ ξ ρ = 0. The statement in (iv) is true because of the value of b in (17) and the identities (
Similarly, we establish the truthfulness of (v).
Bearing in mind (15), we obtain immediately that the scalar curvature of any Einstein Sasaki-like manifold (M, ϕ, ξ, η, g) is τ = 2n(2n + 1).
2.2.1.
Example of an Einstein-like manifold. We consider the example of almost contact B-metric manifold (G, ϕ, ξ, η, g) from § 2.1.1.
Taking into account (8), (9) and (10), we compute the components of the curvature tensor R ijkl = R(e i , e j , e k , e l ) and those of the Ricci tensor ρ ij = ρ(e i , e j ). The non-zero of them are determined by the following equalities and the property R ijkl = −R jikl = −R ijlk :
Bearing in mind (11), we establish that (G, ϕ, ξ, η, g) is η-Einstein, because we obtain ρ = 4η ⊗ η and the constants are (19) (a, b, c) = (0, 0, 4). 
Almost contact B-metric manifolds with a torse-forming
If f = 0, the vector field ξ in (20) is a parallel vector field. This case is trivial and we omit it in our considerations, i.e. we assume that f is not identically zero.
Conditions (20) imply θ * (ξ) = 2n f and θ(ξ) = ω = 0, using (4) and (5) . Then, taking into account the components of F in the basic classes F i , i ∈ {1, . . . , 11}, given in [18] , we deduce Remark 2.7. Manifolds (M, ϕ, ξ, η, g) with torse-forming ξ belong to the class F 1 ⊕ F 2 ⊕ F 3 ⊕ F 5 ⊕ F 6 ⊕ F 10 . Among the basic classes, only F 5 can contain such manifolds.
Let us note that manifolds of the class F 5 are counterparts of β-Kenmotsu manifolds in the case of almost contact metric manifolds.
If ξ is torse-forming for (M, ϕ, ξ, η, g) ∈ F 5 , then it is valid the following 
Example of an almost contact B-metric manifold with a torse-forming
Reeb vector field. In [19] , it is given a 3-dimensional F 5 -manifold on a Lie group L with a basis {e 0 , e 1 , e 2 } of left invariant vector fields. The corresponding Lie algebra and the almost contact B-metric structure are determined as follows:
[e 0 , e 1 ] = pe 1 , [e 0 , e 2 ] = pe 2 , [e 1 , e 2 ] = 0, p ∈ R, ϕe 0 = 0, ϕe 1 = e 2 , ϕe 2 = −e 1 , ξ = e 0 , η(e 0 ) = 1, η(e 1 ) = η(e 2 ) = 0, g(e 0 , e 0 ) = g(e 1 , e 1 ) = −g(e 2 , e 2 ) = 1, g(e 0 , e 1 ) = g(e 0 , e 2 ) = g(e 1 , e 2 ) = 0.
The obtained manifold (L, ϕ, ξ, η, g) is characterized as an F 5 -manifold by the following non-zero components (23) ∇ e 1 e 1 = −∇ e 2 e 2 = pe 0 , ∇ e 1 e 0 = −pe 1 , ∇ e 2 e 0 = −pe 2 F 102 = F 120 = F 201 = F 210 = 1 2 θ * 0 = −p. Also, there are computed the components R ijkl of R and ρ ij of ρ. The nonzero of them are determined by the following equalities and the property
Moreover, the values of τ and the sectional curvatures k ij = k(e i , e j ) are 1 6 τ = k 12 = k 01 = k 02 = −p 2 . It is shown that the constructed manifold is Einstein because ρ = −2p 2 g holds, i.e. (11) is valid for constants (24) (a, b, c) = (−2p 2 , 0, 0).
According to the results for ∇ξ in (23), we make sure that ξ is a torseforming vector field with constant (25) f = −p.
Ricci-like solitons on almost contact B-metric manifolds
A pseudo-Riemannian manifold (M, g) is called a Ricci soliton if it admits a smooth non-zero vector field v on M such that [15]
where L denotes the Lie derivative, ρ stands for the Ricci tensor field and λ is a constant. A Ricci soliton is called shrinking, steady or expanding according to whether λ is negative, zero or positive, respectively [12] . In the trivial case when v is a Killing vector field, the Ricci soliton is an Einstein manifold.
A generalization of the Ricci soliton on an almost contact metric manifold (M, ϕ, ξ, η, g) for example is the η-Ricci soliton defined by [11]
where ν is also a constant. Obviously, an η-Ricci soliton with ν = 0 is a Ricci soliton.
Further in the present paper, (M, ϕ, ξ, η, g) stands for an almost contact B-metric manifold.
Due to the presence of two associated metrics g andg on M , we introduce a generalization of the Ricci soliton and the η-Ricci soliton as follows. (M, ϕ, ξ, η, g) is called a Ricci-like soliton with potential vector field ξ if its Ricci tensor ρ satisfies the following condition for a triplet of constants (λ, µ, ν)
Definition 3.1. An almost contact B-metric manifold
For the Lie derivative of g along ξ we have the following expression
and then (26) implies for the scalar curvature the following Let (M, ϕ, ξ, η, g) with a Ricci tensor ρ be Einstein-like with constants (a, b, c) and let the manifold admit a Ricci-like soliton with potential ξ and constants (λ, µ, ν). Then the following properties are valid:
Proof. Using (11), (26) and (27), we obtain Substituting y for ξ in (28), we obtain (i) and immediately after that (ii). Bearing in mind (3), (4) and (5), the property (ii) is equivalent to the vanishing of (∇ ξ ϕ) ξ, ∇ ξ η and ω, i.e. (iii) is valid. On the other hand, (14) and ∇ ξ ξ = 0 yields (iv).
Taking into account the characterization of the basic classes F i , i ∈ {1, . . . , 11} of (M, ϕ, ξ, η, g) by the components of F , given in [18] , and the assertions (iii) and (iv) of the latter proposition, we deduce the following Let (M, ϕ, ξ, η, g) be a (2n+1)-dimensional Sasaki-like manifold and let a, b, c, λ, µ, ν be constants that satisfy the following equalities:
Then, the manifold admits a Ricci-like soliton with potential ξ and constants (λ, µ, ν), where λ + µ + ν = −2n, if and only if it is Einstein-like with constants (a, b, c) , where a + b + c = 2n.
In particular, we get: (i) The manifold admits an η-Ricci soliton with potential ξ and constants (λ, −2n − λ) if and only if the manifold is Einstein-like with constants (−λ, 1, λ + 2n − 1). (ii) The manifold admits a shrinking Ricci soliton with potential ξ and constant −2n if and only if the manifold is Einstein-like with constants (2n, 1, −1). (iii) The manifold is η-Einstein with constants (a, 2n − a) if and only if it admits a Ricci-like soliton with potential ξ and constants (−a, 1, a − 2n − 1).
(iv) The manifold is Einstein with constant 2n if and only if it admits a
Ricci-like soliton with potential ξ and constants (−2n, 1, −1).
Proof. Taking into account the expression of ∇ x ξ from (7) and applying it in (27) and (26), we obtain that condition (26) is equivalent to
which coincides with (11) under conditions (29). The equality a + b + c = 2n is known from (15) , whereas λ + µ + ν = −2n is a consequence of (30) for ρ(x, ξ) and the corresponding formula from (7) . Therefore, the main assertion is valid. The assertions (i), (ii), (iii) and (iv) are corollaries of the main assertion for the cases µ = 0, µ = ν = 0, b = 0 and b = c = 0, respectively.
3.1.1.
Example of an Ricci-like soliton on the manifold. Let us return to the example of Sasaki-like almost contact B-metric manifold (G, ϕ, ξ, η, g) from § 2.1.1, which is also η-Einstein, according to § 2.2.1. Now, let us check whether it admits a Ricci-like soliton with potential ξ. Using (9), (10) and (27), we compute the components (L ξ g) ij = (L ξ g) (e i , e j ) and the non-zero of them are the following (31) (L ξ g) 13 = (L ξ g) 24 = (L ξ g) 31 = (L ξ g) 42 = 2.
After that, taking into account (9), (18) and (31), we obtain that (26) is satisfied for (32) (λ, µ, ν) = (0, 1, −5)
and (G, ϕ, ξ, η, g) admits a Ricci-like soliton with potential ξ.
Remark 3.5. The constructed 5-dimensional η-Einstein Sasaki-like manifold (G, ϕ, ξ, η, g) admitting a Ricci-like soliton with potential ξ has relevant constants, determined by (19) and (32), that satisfy (29) and therefore this example supports the case (iii) of Theorem 3.4 and the rest results in § 3.1.
3.2.
Ricci-like solitons with torse-forming potential on almost contact B-metric manifolds. 
In particular, we have: Proof. If we have a Ricci-like soliton with torse-forming potential ξ on (M, ϕ, ξ, η, g), then the first equality of (20), (26) and (27) yield the form of its Ricci tensor as follows
According to (11) , the latter equality shows that the manifold is Einstein-like if and only if f is a constant. In this case (33) are valid. Vice versa, let (M, ϕ, ξ, η, g) have torse-forming ξ with function f and let the manifold be Einstein-like with constants (a, b, c). Then, applying (20) and (11) in (27) and (26) for constants (λ, µ, ν), we establish that condition (26) is satisfied if and only if (33) holds. Therefore, f is a constant.
The particular cases (i), (ii) and (iii) follow from the main assertion for b = µ = 0, b = µ = ν = 0 and b = c = µ = 0, respectively. Proposition 3.7. Let (M, ϕ, ξ, η, g) be Einstein-like with constants (a, b, c) and let it admit a Ricci-like soliton with constants (λ, µ, ν) and a potential ξ which is torse-forming with constant f . Then f is determined by:
Proof. The expression of ∇ξ in (20) for contant f implies Comparing the second equality of (35) to the fourth one in (13) , we get the equation −2nf 2 = a + b + c. The latter equality and (i) of Proposition 3.2 imply (34).
The first equality of (35) implies the following The following corollary follows from the expression τ = (2n + 1)a for an Einstein manifold, Proposition 3.7 and assertion (iii) of Proposition 3.6. For the obtained η-Ricci soliton in Corollary 3.9, it is clear that the sign of ν depends on ε. Then, we differ the following cases:
1) If τ < −1 − 1 2n , then the both values of λ are positive, whereas ν is either positive or negative.
2) If τ = −1 − 1 2n , then (λ, ν) is either 1 n , − 1 2n or 0, 1 2n . 3) If −1 − 1 2n < τ < 0, then one value of λ is positive and the other is negative, with the sign of ν opposite that of λ.
Since any F 5 -manifold has a torse-forming vector field ξ, we conclude the following Proposition 3.10. Let (M, ϕ, ξ, η, g) ∈ F 5 \ F 0 be Einstein-like with constants (a, b, c) and let it admit a Ricci-like soliton with constants (λ, µ, ν) and a potential ξ. Then we have:
(i) It is Ricci-symmetric if and only if it is an Einstein manifold.
(ii) Its Ricci tensor is η-parallel and parallel along ξ.
Proof. By virtue of (14), (20) , (21) and the first equality of (33), we get Using the latter expression, in a similar way as in (ii) and (iii) of Corollary 2.6, we establish the truthfulness of the assertions.
Example of a Ricci-like soliton on an almost contact B-metric man-
ifold with torse-forming ξ. Let us return to the F 5 -manifold (L, ϕ, ξ, η, g) from § 2.3.1, for which ξ is a torse-forming vector field with constant f = −p. Using (23) and (27), we compute the components (L ξ g) ij and the non-zero of them are the following (36) (L ξ g) 11 = − (L ξ g) 22 = −2p.
Taking into account (22) and (36), we obtain that (26) is satisfied for constants (37) (λ, µ, ν) = (p + 2p 2 , 0, −p)
and (L, ϕ, ξ, η, g) admits a Ricci-like soliton with torse-forming potential ξ.
Remark 3.11. The constructed Einstein manifold (L, ϕ, ξ, η, g) admitting an η-Ricci soliton with torse-forming potential ξ has relevant constants, determined by (24) , (25) and (37), that satisfy (33) and therefore this example supports the case (iii) of Theorem 3.6 and the rest results in § 3.2.
